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1. Introduction. 

The well-known linear vector function 1 permits of several kinds of 
extension or generalization. We may, for example, have a function 
linear in each of two vectors, as <p(j>, a) ; or we may have F\p] quad- 
ratic in a single vector p. These two concepts evidently merge into 
one another, for <p(p, <r) becomes a quadratic function of p when we 
let a equal p. 

In a former paper 2 a study was made of various types of vectors 
quadratic in a single vector p. The following results will be funda- 
mental to the present discussion: 

(A) An axis of Fp is a direction /? such that F@ is parallel to ft or 
else null. A quadratic vector has in general seven axes. If six axes 
lie on a quadric cone there are an infinite number of axes, and con- 
versely; the vector function is then reducible. The number of distinct 
axes may be less than seven, since an axis may be of multiple order. 

(B) In general any quadratic vector may be written as the sum 
of two terms 

1 Hamilton, Elements of Quaternions, Chap. II, Section 6; Gibbs-Wilson, 
Vector Analysis, Chap. V. 

2 Proc. Amer. Acad. Arts & Sci., 62, No. 7 (Jan. 1917), pp. 369-454. 
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Fp = V<pp0 P + pS8p (1) 

where <p and are linear vector functions and 8 is a vector. Exception 
can only occur when one of the axes is of order at least five. 

(C) The term V<pp$p may in general be expanded as 

VcppOp = 0.1X2X3 + 0.2X3X1 + 0.3X1X2 (2) 

where m, 02, and 03 are constant vectors, and where the x's are given by 

XlSp&fo = S0203P, X 2 Sp!p203 = Sftftp, X3SP&P3 = Sftftp (3) 

and where the a's depend on nine scalars by the scheme 

ai = AuPi + A21P2 + A 31 @ 3 

a 2 = AvPi + A22P2 + A3283 (4) 

o 3 = AisPi + A23B2 + A3383 

(D) In general the quadratic vector is fully determined when its 
-axes are given, aside from the term pSSp and a multiplicative scalar. 

I shall refer to this former paper as C. Q. V. 



2. The A's as Functions of the Axes. 

It follows from (C) and (D) that the nine A's are determinate as 
functions of the axes, aside from a common scalar multiplier. A 
knowledge of these functions facilitates our attack on a variety of 
problems. I propose to express these A's in terms of the axes /Si, 
ft, • • -ft and to illustrate the utility of the results by some applications. 

With the notation and results of pp. 377-384 of C. Q. V. we may 
write, omitting mere constant multipliers. 

V9P ^ (P,P 6 P 7 ) ^ P6 (P,PJ>,) 

(457) {P^Pp) ,.s 
+ /V (PM) (5) 

Now it is evident from (2) that if we let x\= 0, x^= X3= 1, we shall 
reduce V<pp0p to <n; but by p. 381 of C. Q. V. we shall then reduce 
Pp to i. We thus obtain 

_. (567) (P 6 P 6 i) (647) (P s Pd) 1 - (457) (P4P5J) ... 

ai "^ 4 * (P*P 6 P 7 ) +ft * (P^P 7 ) +fS <- (P M ) (6) 
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The factor (PiP^i) is one of the minors of the determinant (22) p. 381 
of C. Q. V., which, developed by the method there given, yields 

(PiPsi) = (123) (234) (235) (415) (7) 

Expanding the factors (P^Pd) and (PsPii) in the same way and 
dropping the common factor (123) we have from (6) 

. (567) (235) (236) (516) . (647) (236) (234) (614) 

, . (457) (234) (235) (415) 

+ /36 aw^) (8) 

From (4) we see that An= (fi^ai) if we neglect the factor (123). 
We therefore have from (8) 

Similarly A n = (ft&ai) giving 

, (314) (567) (235) (236) (516) .... 

A 2 l - 2j (10) 

456 (PiPePj) 

where the terms of the sum are obtained from one another by cyclic 
advancement of the numbers 4, 5, 6. Also An = (ftftcu), giving 

A ^ (124) (567) (235) (236) (516) ,„, 

Asi = l (Km (11) 



3. Identities on which Depends the Simplification of the A's. 

The other six A' a are at once obtained from the first three by cyclic 
advancement of the numbers 1, 2, 3. Before doing this however, we 
may simplify the expressions just obtained, by means of identical 
relations connecting the factors which enter the numerators with the 
determinants which occur in the denominators. 

The denominator (P^^Pi) is the determinant of the coefficients of 
the three vectors P 4 , Ps,, and P 7 , and aside from a factor (123) 2 is 
equal, by C. Q. V. page 384, to the expression CW (5, 7), which 
vanishes when the six vectors lie on a quadric cone. For our present 
purpose we may use a simpler notation and write 

(P4P5P7) = (123) 2 C 6 (12) 
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by designating the omitted vector. The other denominators may be 
transformed in a similar manner. 
Consider now the identity 

FftCi + *ftC 2 + • • • + FfirCj = (13) 

where Ffli is any quadratic function of ft, Fft is the same function 
of ft, etc. 3 If we let FK = (Xft/i) (Xftr) we shall have Ffa= and 
the identity becomes 

(ft/V) (frfa)C t + (ftftu) (ftftx)C 3 +■■■+ (ftftu) (ftftc)C 7 = (14) 

which by the notation already employed may be written 

■ ' • • + (21/») (?lv)C, + (31/0 (310C + • • • (71 M ) (71c)C 7 = (15i) 

and similarly by letting FX= (XftyO (XftjO, 

(12m) (12f)Ci H h (32m) (32c)C 3 + • • • (72/0 (72k)C 7 = (lfc) 

Proceeding thus we obtain a set of seven equations of which the last is 

(17/i) (17v)Ci + (27 l x).(27v)C i +■■• + (67m) (67v)C 6 +■■■ (15,) 

If we multiply these equations respectively by Ci, Cr ■ -Ci and add, 
we note that each term of the sum is of the form(12M) (12c) C1C2 and 
that each such term occurs twice, since (12m) (12c) = (21m) (21c). 
Cancelling the factor 2 we thus have the new identity 

2(12/0 (l&OCA = (16) 

where the left side contains as many terms as pairs can be chosen 
from the numbers one to seven, that is 21 terms. 

So far m and v are any vectors whatever. Now let m = ft and v = ft 
causing all terms containing C\ or C 7 to vanish. The remaining ten 
terms may be arranged as follows, 

(561 (567)C B C 6 + (641) (647)C 6 C 4 + (451) (457)C 4 C 6 
+ C 2 [(241) (247)C 4 + (251) (257)C B + (261) (267)C 6 ] 
+ C,[(341) (347)C 4 + (351) (357)C 6 + (361) (367)C 6 ] 

+ (231) (237)C 2 C 3 = (17) 

Returning to (13) and putting F\ = (2X1) (2X7) we have, since the 
first, second, and seventh terms vanish, 

s This identity may be proved by noting that the left side is quadratic in ft 
and vanishes when ft coincides with any one of the other six vectors, hence 
vanishes identically. For a more detailed consideration of the C's see "An 
identity connecting seven vectors," Proc. Royal Soc. Edinburgh, 40, Part 
II (No. 14), June 1920. 
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(231) (237)C 3 + (241) (247)C 4 + (257) (251)C 6 + (261) (267)C 6 = (18) 

That is, the expression in brackets in the second line of (17) is equal 
to — (231) (237)03. In a similar manner, the expression in brackets 
in the third line of (17) is equal to -(231) (237)C 2 . Therefore (17) 
becomes 

(561) (567)C 6 6' 6 + (647) (641)C 6 C 4 + (451) (457)C 4 C 6 

= (231) (237)C 2 C 3 (19) 



4. Simplification of the A's. 

Return now to our expression (9) for An, transform the denominators 
as in (12), and simplify, 

A n = 

(234) (235) (236) [ ~ (561) (567)ftft-(641) (647)C 6 C 4 -(451) (457)C 4 C 6 ] 

(123) CiCbC§ 

= - (234) (235) (236) (237) ^^^ by (19). (20) 

Since it is evident that all the A's will have a common denominator 
this may be rejected, and we may write as the value of An 

An = (234) (235) (236) (237)C 2 C 3 (21) 

It thus appears that An vanishes when either of the four axes /3 4 , jSg, 
06, or 07 lies in the plane of ft, 3 . The quadratic vector is assumed 
irreducible, hence C 2 and C 3 do not vanish, as was proved in C. Q. V. 
Considering next the simplification of An, we may first add the 
three terms, and reject the same factor as above. This gives 

An = - (123)- 1 2(314) (567) (561) (235) (236)C B C 6 (22) 

456 

From the fundamental identity (13), letting Fk = (X67) (23X), 
(567) (235)C 6 + (467) (234)C 4 + (167) (231)d = (23) 

and by letting F X = (4X7) (23X), 

(457) (235)C 5 + (467) (236)C 6 + (417) (231)d = (24) 

It is now easy to eliminate C 6 from the last three identities. The 
terms in CeC 4 cancel at the same time, giving 
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An = + (314) (561) (236) (167)&C 6 + (316) (451) (234) (417)dC 4 (25) 
For A 31 in a precisely similar manner, 

A n =+ (124) (561) (236) (167)CA+ (126) (451) (234) (417)CiC 4 (26) 

It is evident that expressions of similar form might have been found 
by eliminating either C 4 or C 6 instead of C5. 

The other six ^4's may be found from (21), (25), and (26) by advanc- 
ing the numbers 1, 2, 3, cyclically. 

It is also evident that, by means of identities of the same form as (23) 
and (24), which connect any three C's with one another, we may 
express any one of the A's in terms of any pair of C's we wish, the 
coefficients being composed of scalar products of three axes. 



5. Application to Cases of Coplanakity or Axes. 

As a first illustration of the utility of the A's, we may inquire what 
simplification takes place in the form of a quadratic vector when a set 
of three axes become coplanar, — a question intimately related to the 
problem of finding particular solutions of differential equations. 4 

One obvious answer is that if the three coplanar axes be numbered 
4, 5, and 7, the general expression (5) loses its third term and becomes 
a binomial vector; but the form (5) implies a knowledge of all the 
axes, while the data of the problem frequently furnish only three 
axes, — for example, quadratic point transformations are often 
specified in terms of the singular points, which are our three axes 
/Si, 82, 8s such that F8 is null. Finding the remaining four axes and 
constructing the general expression (5) would then require, in general, 
the solution of an equation of the fourth degree. I propose to show 
that, if we have the quadratic vector in the form (1), or its equivalent 
(2), it is never necessary to find the other four axes in order to detect 
the existence of coplanarity among the axes; and, conversely, we may, 
by giving proper values to the A's, immediately construct a quadratic 
vector possessing any required relations of coplanarity among the axes. 

Taking the latter problem first, as being the simpler, if it be merely 
required that one set of axes be coplanar, we may let either of the three 
scalars An, A22, or ^33 be zero. This is at once evident from the form 
of (21). For example, if An is zero, one of the four axes 8t, 8$, 8e, 8r 
must lie in the plane 82, 83- By a proper choice of the vector 8 in (1), 

4 See note to C. Q. V. page 385. 
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the quadratic vector can then be reduced to a binomial in the vectors 
ft, ft, the four diplanar axes becoming zeros, the value of 6 being 
unique. 

If it be required to have two sets of three coplanar axes one way is to 
let An and ^22 both vanish. But we have another equally easy way; 
if we let A21 and A& both vanish, we shall have two sets of coplanar 
axes, ft being common to both sets. To prove this, note that, by 
(25) and (26), if An = Azi = 0, we have two linear equations in the 
quantities 

(561) (236) (167) and (451) (234) (417) (27) 

the determinant of the coefficients being (314) (126) - (316) (124), 
which is the same as (123) (146). Now (123) is different from zero 
by hypothesis, for in assuming the form (2) we assume ft, ft, and ft 
to be diplanar; 5 on the other hand (146) may well be zero; if so we 
may write ft = mft + »ft and either of the two equations reduces 
at once to 

m (236)C 6 - ra(234)C 4 = 

by cancelling factors which cannot vanish if the quadratic vector is 
irreducible. This is the same as 

(176) (236)C 6 + (174) (234)C 4 = 

which by an identity of the form (23) gives 

(175) (235) = 0. 

Now (235) cannot vanish along with (146) hence (175) = 0, that is, 
we have two sets of coplanar axes having /3i, in common. 

If the determinant in question does not vanish, the quantities 
(27) must both vanish. Remembering that we cannot have two 
distinct sets of coplanar axes nor four coplanar axes, if the quadratic 
vector is irreducible, we see by inspection that neither (234) nor (236) 
can vanish. Hence we must have the same case as above, viz. two 
sets including ft. 

If it be required to have three sets of coplanar axes it is now easy to 
pick out two quite different cases: 

1°. We may let An, A^, and An all vanish. Three of the four 
axes ft, ft, ft, ft, lie, respectively, in the faces of the triedron whose 
edges are ft, ft, ft. 

5 It was shown in C. Q. V. that a quadratic vector possesses two distinct 
.sets of three diplanar axes except in certain special cases. 
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2°. We may let An and A 33 vanish and let A& = A®. The three 
sets of coplanar axes have A in common. 

The differential equations corresponding to these two cases are of 
very unlike character. In 1° the existence of tjie coplanar sets is 
evident from the form of the .4's. To prove it for 2° we may let the 
vector S of (1) be expanded thus, 

ASAAft = oiV&P, + thVfrfr + <hV0& (28) 

and since we have identically 

P=fta*+fta*+0»*i (29) 

we shall have 

Sdp = aiXi + 02^2 + a 3 X3 (30) 

By expanding V<ppdp as in (2), using the values of the a's from (4), 
and S8p from (30), the fundamental equation (1) may be expanded 
in the frequently useful form 

F p = ft[ AnX2X 3 + (a 3 '-{-Ai^xzXi + (* 2 + ^13)3:1X2 + aix\\ 

+ ft[(a 3 +A 2i )x2X 3 + Anx 3 Xi + (ai+ An)xiX- 2 + a&t\ (31) 

+ ft[(a* +A u )x 2 x 3 + (ai +^4 3 2)a;3Zi + A 33 x\x-i + a&l] 

This is a way of expressing a quadratic vector which is always possible 
except in the very special cases examined in C. Q. V. where a set of 
three diplanar axes cannot be found; this expression -depends on the 
twelve constants which occur explicitly, and on the three directions- 
A. A» A of the diplanar axes, equivalent to six more scalars. If now 
in addition to the three conditions A&=Ats=Q, A-i%=A®. just 
assumed, we take 

ai = —^32, a-2 = 0, 03 = 
the quadratic vector takes the form 
Fp = pi[A n x2Xs +A l < i x 3 xi +Ai 3 xix 2 —A 2z x 2 i] + (82A21 + 8iA n )x&s (32) 

But this is a binomial; it must, therefore, by the reasoning of C. Q. V. 
page 384, possess three axes in the plane of the vector coefficients A 
and (B-iA-zi+ S3A31). But we already know it possesses three axes 
in the planes ft, ft and ft, ft, respectively. It therefore has three 
coplanar sets with ft in common. For brevity an axis common to 
three coplanar sets may be called a central axis. 
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6. Properties of a Quadratic Vector Possessing a Central 

Axis. 

The differential equations determined by this type of vector have 
been studied by Darboux 6 ; the connection between his viewpoint 
and that of vectorial algebra is established by certain theorems now 
to be proved. 

Theorem 1. If a quadratic vector has a central axis, it may be 
thrown into binominal form in three distinct ways, a proper choice 
of the vector S being made in each case. 

One way has already been shown in (32), namely for the value of 8 
given by a x = —A®., a, 2 = a 3 = 0. 

A second way, by inspection of (31), is to take «i3 = 0, ai = —A®, 
and a% = — An.. Since A33 is zero by hypothesis, the component 
along ft vanishes. 

Similarly, if S is determined by making 02 = 0, ai = —A n , a% = 
— A&, the component along ft vanishes. The theorem is thus proved. 

Theorem 2. If a quadratic vector bas a central axis, the three 
values of 5 by virtue of which we may pass from one binomial form to 
another are all perpendicular to the central axis. 

Proof. These values of 6 are the respective differences of the values 
occurring in the proof of theorem 1. They must therefore be coplanar. 
To determine their values explicitly, let the binomial forms be Fi, F 2 , 
and F3 in the order above given. Let the values of 5 which changes Fi 
into F2, F2 into F», and F 3 into Fi be, in order, Si, 62, and S 3 . Subtract- 
ing values of the a's as above found we have, for 5i, ai = 0, 02 = —An, 
a 3 = 0; for 5 2 , ai = 0, ch = +^31, a 3 = —An; for 63, ai = 0, <h = 0, 
a& = -\-A21. Since «i is zero in all three cases, the theorem is proved. 

Theorem 3. If a quadratic vector having a central axis be thrown 
into either of the three binomial forms, a set of rectangular components 
X, Y, Z, can be found in terms of rectangular coordinates x, y, z, such 
that both X and Y are independent of z. 

Proof. With the notation used in the proof of theorem 2, let the 
quadratic vector be in the binomial form F 2 . Let ft = k, and let 
i and j be any two unit vectors such that i, j, k forms a rectangular 
unit system. Since 6 2 is perpendicular to i we may write & = d + c'j. 
Also p = ix + jy + fa. Hence pSStf = — i(ci? + c'xy) — j(cxy + 
C V) + terms in k. It was shown that F 3 = F 2 + pSSzp. Now F 2 
contained no component along /3 3 . By adding pSS^p we removed 
the component along ft. But pSS^p does not contain z. Therefore 

6 See note to C. Q. V. page 375. 
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F 3 contains a component along ft or k, and terms free from z. Simi- 
larly it may be shown that F x and F% may be expressed according to 
theorem 3. 

Theorem 4. Conversely, if a quadratic vector be expressed in 
rectangular coordinates, and if its components X and Y are free from z, 
it has a central axis. 

Proof. The two-dimensional quadratic vector iX + jY has three 
axes. Call them y u y 2 . and 73. Take i along 71 (by a rotation of 
axes in the xy plane if necessary, which cannot alter the fact that X 
and Fare iree from Z). We may then write 

iX + jY = i(ax 2 + bxy) + jia'x 2 + b'xy + c'V) 

It is evident from the form of the term pS8p that we may now, by a 
proper choice of 8, remove the component along i, namely by taking 
$ = ai + bj. The given quadratic vector will then have the form 
jY + kZ, hence possesses three axes in the plane perpendicular to 71. 
Similarly we may show that the given quadratic vector has three axes 
in the plane perpendicular to 72 and similarly for 73. But k is the 
common line of intersection of these three planes, and is itself an axis, 
since X and Y vanish when x and y are both zero. That is, A; is a 
central axis. 

Theorem 5. The vectors Si, fa, h, which convert, respectively, 
F\ into Fi, F 2 into F 3 and F s into F h are axes of the two-dimensional 
vector iX + j Y. 

Proof. Inspection of the three 5's obtained in proving theorem 2 
shows that they are perpendicular, respectively, to Fa, F h and F 2 . 
But in the proof of theorem 4 it appeared that the three 7's have the 
same property. Hence the directions of the 5's coincide with the 
respective 7's. 

Theorem 6. If a quadratic vector V<pp9p + pSdp has a central axis, 
and if a proper choice of rectangular coordinates be made, a value 
can be found for 8 (which does not alter the axes), such that the 

differential equation -^ = — takes the Riccati form. 
dx X 

Proof. As in the proof of theorem 4 we may obtain the quadratic 
vector in the form 

i(ax 2 4- bxy) + jia'x* + b'xy + c'tf) + kZ 
By taking 5 = bj and adding the term pSdp this becomes 
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m 2 + j[a'i? + b'xy + (c'~ b)y 2 ] + lc[Z - byz] 

"which proves the theorem. 

The connection between the theory of quadratic vectors and Dar- 
boux's treatment of differential equations is now fully established. 
'To continue the study of the above differential equation would be 
merely to repeat Darboux's work. 

To indicate a quite different application of the present theory we 
may note the following,— 

Theorem 7. If a quadratic 1 : 1 point transformation be denned by 
the equations x\ = Xi{x h xz, x 3 ), x\ = X 2 {x h x 2 , x 3 ), x\ = X s (x h x 2 , x 3 ), 
and if the four fixed points of the transformation be situated as follows: 
the singular points being A, B, C, two fixed points lie on a straight 
line through A, the other two lie respectively on AB and AC; — the 
transformation can be written in the form 

x' = tx, y' = Y(x, y,) + ty, z' = Z(x, y, z) 

where t is a linear function of x, y, z. 

This theorem is, of course, an immediate consequence of theorems 
2 and 3, stated in the language of point transformations. 



7. Vectors with Four Sets op Coplanar Axes. 

Continuing the study of the simplifications which occur in the form 
of a quadratic vector when sets of coplanar axes exist, let it be required 
to have four such sets. Here, again, we shall evidently have two cases, 
according as we have a central axis or not. 

If there is to be no central axis, we may begin with case 1° of Art. 5, 
letting the six quantities A u , A&, A 3 $, and a u <H, a 3 , all vanish. The 
quadratic vector then takes the form 

Fp = Pi(AuX3Xi + Auxm) + fo(A 2 iX2x 3 + A 2 sXiXi) + 

PiiAnXzXi + AziXzx^); (33) 
it is evident that three of the axes may be taken as follows, — 

& = M21 + /Mai! fo = M32 + Ml2; As = Ml3 + |M23. (34) 

To find /3 7 we note that, by C. Q. V. page 385, this axis is perpendicu- 
lar to the three values of 8 by which we may pass from one binomial 
form of Fp to another. Thus by an easy calculation 

/3 7 = S WMnA 31 + A n A 13 - ^21^31)] (35) 

123 ' 



o, 


A 2h 


Azx 


An, 


0, 


A 32 


An, 


Ai%, 
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We now have three coplanar sets given by (234) = (315) = (126) = 0. 
We may not include fa in a fourth set if the quadratic vector is to be 
irreducible and have no central axis. We must therefore take (456) 
= which evidently implies the vanishing of the determinant 



(36) 



Six axes of the quadratic vector will now be along the lines of inter- 
section of four planes. This fact suggests an expression for the vector 
Fp which shall be symmetrical in these six axes: for consider the 
vector F7172S73PS74P, where the 7's are taken at right angles to the 
four planes respectively; all six lines of intersection of the four planes 
with each other are axes of this vector term, and the same will be true 
no matter in what order we write the four subscripts. If, then, 
an, «i3, 023, «i4, 024, and 034 be any six scalars, the vector sum 

Fp = O12F7172S73P1S74P + ai 3 l 7 7 1 73.S72pS74P -\ h O34F7374S71P/S72P 

(37) 

will be a quadratic vector of the type under consideration, namely 
it will have six axes in the directions F7172, F7173, • • • F7374. This 
form of Fp has a number of interesting properties easily proved by 
methods already exemplified. As instances, — 

1. If pSdp be added, there are four values of 5 which render Fp 
a binomial. One value is 

«i = - [023(123)74 + 024(124)73 + 034(134)72] ■ (38) 

and the others are of similar form. 

2. If 5i, S 2 , S3, 64 be the values of 5 just mentioned, the differences 
Si — 62, 5i — 83, 52 — S3 etc. are all perpendicular to the seventh axis. 
Hence the direction of this axis is easily calculated. 

3. The quadratic vector (37) possess some properties closely 
analogous to those of the general linear vector function; for the 
latter may be written 

023FX2X3SX1P + 03iFX 3 XiSX 2 p + jfisFXxXsSXsp (39) 

and has for axes FX2X3, etc. 

4. If Fp has the form (37) the cubic vector VpFp takes the form 
2&171S72PS73PS74P where 61 = — an — 013 — 014 and 62. 03, &4 are 
easily found. The sum of the b's is zero. 
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5. If VpFp be divided by the product SyipSyipSyspSy^p the quo- 
tient is an irrotational vector; it is normal to the family of cones (Syip) bi 
(S72P) !,2 ^73P) !,3 (ST4P) 64 = const. 

If, on the other hand, Fp is to have a central axis, and four coplanar 

sets, we may begin with case 2° of Art. 5 and let An be zero. The 

only new property introduced, so far as I am aware, is that the 

not fiu Hz 
system — : = — = — can now be fully solved by quadratures. The 

proof may be carried out by the aid of the theorems already 
established. 

8. Other Special Types. 

There are but two remaining types depending on coplanarity of axes. 
These are first, a vector sharing the properties of the two vectors of 
the last article, possessing, therefore, five coplanar sets, and having 
two central axes; second, a vector having six coplanar sets and four 
central axes. They are easily obtained from the types which precede. 
The vector having four central axes bears an interesting resemblance 
to the self-conjugate linear vector function. The investigation may 
be left to the reader. 

9. The Converse Problem. 

In what precedes it has been shown vectors of assigned type may 
be written down by giving proper values to the A's. I now propose 
to examine the converse problem: given any values of the nine A's y 
to test whether the vector possesses three coplanar axes. 

Evidently, if the vector should happen to fall under one of the 
forms which have been explicitly written out, we would at once recog- 
nize its type; but these vectors have been merely "normal forms"' 
of their respective types, hence not sufficient to serve as tests for com- 
parison. 

The necessary and sufficient condition for coplanarity of axes of 
the vector (1) may be obtained as follows. A set of three coplanar 
axes exists if, and only if, a value of 8 can be found which makes the 
right side of (1) a binomial, (proved C. Q. V. p. 384). Let 7 be nor- 
mal to the plane of this binomial. Then 

SyFp = (40) 

identically. Let 7 be expanded as 

7 = piVfrp, + ptVhpi + psVpfa (41) 
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Let.this value of y, and the expanded form of Fp from (31) be substi- 
tuted in (40). By equating to zero the coefficients of 
3?i, ^1^2. etc. we obtain six equations, 

pioi = 0, piA n + pz{a 3 + An) + p 3 (<h + A«i) = 

fro* = 0, pi (o 3 + An) + PiAn + ps(ai + A&) = (42) 

p 3 a 3 = 0, pi (02 + Au) + pi(ai + A M ) + p 3 A 33 = 

In order that y may exist, not all the p's can vanish. We shall then 
have three cases, according as three, two, or one, of the a's shall be 
2iero. 

Case 1°. ai = 02 = a 3 = 0. Values can be found for the p's if, and 
only if, the determinant of the A's vanishes. The vectors a of the 
Tight side of (2) are then coplanar, and three of the four axes £4, ft, 
ft, 187 He in this plane. 

Case 2°. Two only of the a's are zero. Suppose 02 = a 3 = 0, with 
■ai not zero. Then pi = 0. The six linear equations reduce to 

P2A21 + pzAsi = (43) 

£2^22 + pzia-i + Aw) = (44) 

pi{ay+ A iZ ) + pzA 33 = (45) 
Now P2 and p 3 cannot both vanish if y exists. Hence 

aiAn + ^21^32 — ^31^22 = (46) 

a x A 3X + A 31 A M - A 21 A 33 = (47) 

Cl\ + Ol(^23 + ^32) + ^32^23 — ^22^33 = (48) 

Trom (46) and (47) we have 

0, An, Azi 

— A 21> Aw, A 32 = (49) 

■431, ^23> A 33 

If An and A 31 are not both zero, 01 can be found from (46) or from 
(47). Also if An and A 31 are not both zero (48) is a consequence of 
(46) and (47). Since p\ is zero, the plane of the coplanar axes con- 
tains ft. 

If An and ^31 are both zero, two values of a\ are found from (48), 
in general distinct, and there are two coplanar sets with ft in common. 

In any case, if the determinant (49), or either of the similar de- 
terminants obtained from it by advancing subscripts, is zero, there 
is at least one set of coplanar axes. 
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Case 3°. Only one of the a's is zero. Suppose a s = 0, with ai and 
02 not zero. Then p\= p%= 0. The six equations reduce to 

«2 + A 3 i = 

«i + A 32 = 

A S3 = 

Hence if A 3 % = the a's can be determined and a coplanar set exists. 
Similarly for An and A-®, in agreement with a former result. 

Summary of tests for coplanarity of axes. 

The quadratic vector (31) possesses three axes in the same plane when, 
and only when, one of these seven conditions holds: the vectors aj, 02, a» 
defined by (4) are coplanar; one of the three determinants of the form (49) 
vanishes; or one of the constants An, Am, Azz vanishes. 



10. Application to Irkotational Vectors. 

As a second illustration of the utility of the constants An etc., I 
propose to examine the properties of a quadratic vector under the 
requirement that it be irrotational, i.e. its " curl " shall be zero or 

WF P = (50) 

The significance of this equation on the physical side is well known. 
To see the algebraic aspect of the problem we may recall that, as was 
shown by Hamilton, 7 any linear vector function tpp may be written 
as the sum of two terms thus, 

<pp = cop + Vep (51) 

where e is a vector; 01 is self -con jugate, irrotational, and has its three 
axes at right angles to each other. It is natural to enquire what 
restriction is imposed on the axes in the case of an irrotational quad- 
ratic vector. 

The scope of the enquiry will appear from the following: 
Theorem 8 . If a quadratic vector can be made irrotational without 
altering its axes, its curl is of the form Vbp. 
The proof is evident from the identity 

VV{F P + pSSp) = VVFp + V P d (52) 

7 Elements, Art. 349; 2nd Ed. p. 492. 
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for if F p can be made irrotational by adding pS8p, (the only form of 
term which leaves the axes unaltered), the right member must vanish, 
and we have WFp = V&p; hence the theorem. The converse is 
•equally obvious,- — 

Theorem 9. If a quadratic vector has its curl of the form V8p 
it can be made irrotational by adding the term pSSp. 



11. Conditions that the Cubl shall be of the Form Vdp. 

I shall now show that, in general, a set of five scalar equations 
■exists which are necessary and sufficient that the curl of a quadratic 
vector be of the form VSp. These will appear as equations connecting 
the nine A's, and involving also the axes ft, ft, ft. Since the ^4's 
have been obtained as functions of the axes, these equations impose 
restrictions on the axes of an irrotational quadratic vector. 

Taking (31) we let a\ = «2 = a 3 = 0, which is equivalent to neglect- 
ing the term pS8p. We then operate by W. Now VavSftftft = 
— Fftft and similarly for Xz and x$. Hence easily (using the a's 
from (4)), 

FVFp- Sftftft = 2 FaifeFftft + a^ftft) (53) 

123 

The right side of this equation is a linear vector function of p, which 
we may call dp. Putting for the x's their values, and arranging the 
■order of terms we may write 

dp = 2 (Fa 2 Fftft + Fa 3 Fftft)S P ftft (54) 

123. 

■which must be of the form V8p. This is the same as saying that the 
•self-conjugate part of 6 must vanish, or that 8 + 9' — 0, or again that 
Spdp must vanish for all values of p. In general the vanishing of a 
self -con jugate linear vector function is equivalent to six scalar equa- 
tions ; but in this case we note that S Vdp = 2 S(Fa 2 Fftft + Fa 3 Fftft) 

123 

T^ftft^ identically, hence the six equations are not independent. 

A simple way to set up the six equations in explicit form is 
£ft0ft = 0, Sftflft = 0, Sftflft = 0, Sftflft + Sft0ft = 0, Sftflft + Sftflfo 
= 0, and Sft0ft + Sft0ft = 0. Since by hypothesis ft, ft, and ft- are 
not coplanar these are sufficient to make 6 + 6' = 0. By (54) the first 
and fourth of these equations are 

8 ■ Ffta 2 Fftft + Sfta 3 Fftj3i = (55) 
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S- VfrmVMi + S-VfaaaVfrfo + S- Ffta 3 Fftft + S- F/Wftft = 

(56) 
and the others are obtained by advancing subscripts. 

Inspection of the scalar products which occur in these equations 
shows that irrotationality of the quadratic vector Fp is dependent 
on the relation of the a's to the two systems of vectors ft, ft, ft and 
l^ftft, V83B1, Fftft. The most natural procedure is to expand the 
latter system thus 

Fftft-Sftftft = Mi + M* + Mi] 

Fftft • Sftftft = Mi + Ms + Ms f (57) 

Fftft • Sftftft = Mi + hA + hz?z ) 

whence we have 

in = S- FftftFftft = S 2 ftft - j$S|; hi = &n = S-FftftFftft 

= /^Sftft - SftftSftft (57) 

-and similarly for the other 6's. We may now introduce the expan- 
sions of the a's from (4) and of Fftft etc. from (57) and the six equa- 
tions of form (55) and (56) become 

633^22 — &22^33 +' 623(^23 — ^32) = (58l) 

611^33 - b s3 An + bii(An — A u ) = (582) 

hs.An — 611^22 + 612(^12 - An) = (58 3 ) 

- bu(An - A®) + ba(.An + A u ) - b n (Au + A n ) = (58 4 ) 

- 622U31 - Au) + b 2S (A n + An) - 612(^23 + ^32) = (58 6 ) 

- 633U12 - An) + bi S (A 23 + A32) - ht{A Z i + A u ) = (58 6 ) 

Here we note that if the six equations be multipled, in order, by 
$11, 622, &33, 623, bu, bn, and the results added, the sum of the left 
members is identically zero; the six equations are not independent. 

Since the ^4's have already been determined as functions of the axes, 
the six equations (58) are necessary conditions which the axes must 
satisfy when the quadratic vector is irrotational. 

We note further that, assuming ft, ft, and ft to be real, the scalars 
in, fe, and fe 33 are different from zero. These three scalars could all 
-vanish only if Fftft, Fftft, and Fftft were all minimal vectors, i. e. 
imaginaries of null tensor; thus in general we may assume bu different 
from zero; and except in this very special case, therefore, (58i) is a 
oonsequence of the other five equations which, with the exception 
noted, are sufficient that the curl shall be of the form V5p. 
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12. Interpretation of the Equations (58). 

It is manifest that the equations (58) are bilinear: and that the set 
of six 6's are determined by the choice of three axes ft, ft 6 3 , while 
the set of nine ^4's govern the other four axes. I shall first show how 
various simple solutions of these equations may be written down, 
and shall then discuss the general solution as a linear function of these 
simple solutions. 

One solution is seen by inspection to be: An, As., A%%, proportional 
to fen, 622, and 633, with the other six .4's all zero. The resulting value 
of Fp, which we may call F\p, is, by (31), 

F ip = ftfcua^ + (82622X3X1 + (3 3 6 3 3XiX2 (59i) 

which, of course, may be multiplied by a scalar constant. It is easy 
to check the result by operating with V, using the values of the 6's- 
from (57i), and showing that the expression is of the form VpS. 

A second solution is equally obvious: let A23 + ^32, An + An, and " 
Am + Ai\ be proportional to 623, 631 and 612 with A u = ^22 = ^33 = 0' 
and A23 = As2, A Z i = An, An = A 21 , giving the solution 

Fip = ft (612X3X1 + 613X1X2) + ft(6 2 iX2X 3 + 623X1X2) + (33(631X2X3 + 632X3X1)' 

(590 • 
We note that this solution is null if 623, 631, and 612 are all zero, that is,, 
if the vectors ft, ft, and ft form a rectangular system. Let us suppose- 
for the moment that one of the 6's, as 623, is not zero. 

These two solutions are linear in the 6's, and are not altered by 
advancing subscripts. A third solution, is found by assigning arbi- 
trarily An = A22 = An + Asi = and solving for the ^4's in terms, 
of the 6's. The result is 

^33 = —2631623, ^31 = 623611, ^13 = —623611, ^12 = 622611, 

^21 = 622611, ^23 = —62263I, ^32 = +622631,. 

which may be checked by substituting in (58). Whence by (31) 

F 3P = ft(6226llX3Xl — 623611X1X2) + ft(6226nX2X3 — 622631X1X2) 

+ ^3(623611X2X3 + 622631X3X1 — 2631623X1X2) (59 3 > 

quadratic and unsymmetrical in the 6's. 

A fourth solution may now be obtained by advancing subscripts, as 
also, of course, a fifth, which might be used in place of Ftp in case 
all 6's with unequal subscripts vanish, but a simpler treatment of this- 
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case will be given below. (It is evident that we cannot in general have 
more than four linearly independent solutions for the ^4's when the 6's 
are assigned.) Thus 

Fip = ft(— 2buhiX2X Z + bnbztxsxi + b 3Z buXix 2 ) 

+ &(— &31&22X2Z3 + b 33 b22XiX^ + /3 3 (— bazbnX2X 3 + bzzbvXsXi) (59 4 ) 

It is furthermore clear, because the equations (58) are linear in the 
.4's, that any linear function of the solutions already obtained will be a 
solution, the b's being taken as known constants, and, we will thus 
obtain the most general solution. For from the four solutions already 
written we may pick out the matrix of the four sets of values of An, 
Am, A 33 , namely 

611, 622, &33 

0, 0, 

0, 0, -2631623 

-26,2631, 0, 

which by inspection are linearly independent sets. Hence the four 
solutions F h F2, F 3 , Fi are linearly independent. 

Consider now the vector Fip. Remembering that the axes are the 
vector solutions of the equation VpFp = 0, we expand p as jSiiCi + faxi 
+ $%x% and have these three equations to determine the axes of Fip, 

633Z1Z2 2 — b?ax\x£ = 0, bnXiX<? — 633Z2Z1 2 = 0, b^xzx^ — b u x 3 x£ = 

Writing for brevity a = "*6u, c 2 = "^622, and c 3 = "^633 we find 
■easily the matrix of the coefficients of ft, ft, ft for the seven axes to be 



ft: 


1 








ft: 





1 





ft: 








1 


ft: 


Cl 


C2 


- c 3 


ft: 


— Ci 


C2 


c 3 


ft: 


Cl 


— C 2 


C3 


ft: 


Cl 


C2 


— C3 



that is, the fourth axis is given by ft = C]ft + 02ft + 03ft etc. By 
inspection of this matrix we see the following relations of coplanarity 
among the axes: (145) = (167) = (246) = (257) = (356) = (347) 
= 0. The vector Fip therefore is of the type mentioned in Art. 8 
having four central axes, namely ft, ft, ft, ft. 
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Finding the axes of F^p in a similar manner we have the matrix 

1 

1 



ft 
ft 
ft 
ft 
ft 
ft 



1 

&12 613 

612 &23 

613 623 
612613 612623 623631 



whence the relations of coplanarity (126) = (234) = (315) = (147) 
= (257) = (367) = 0, so that F 2 p belongs to the same type as F ip, with 
central axes ft, ft, ft, and ft. 

The vector F z p is of different type. The plane xz = contains 
only the two axes ft and ft. Besides ft we have the axes (0, 622, 623} 
and (6u, 0, 631) together with two imaginary axes in the plane 

622631X1 = 623611X2 

where xi and X3 satisfy the quadratic 

622Z3 2 — 623622X2X3 + 2623W = 0. 

We see that Fp is not necessarily of so restricted a type as F ip. 



13. Case where Three Given Axes form a Rectangular 

System. 

- Of special interest is the case where the three assigned axes ft, ft, ft*, 
are mutually perpendicular both because the four solutions (59) are 
no longer linearly independent, and because we might suspect here 
some greater analogy with linear vector functions. We now have 
h n = fc 23 = hzx = and the equations (58) have the evident solutions, 
(letting i, j, k replace ft, ft, ft, so that 6n = 622 = 633 = 1), 

Fip = iyz + jzx + kxy 
F2P = jxy + kxz 
F z p = kyz+ixy 
Ftp = ixz + jyz 

which are linearly independent. The last three solutions are, to be- 
sure, reducible, but linear combinations of them will not in general 
be so. Thus in all cases the general solution may be expressed as the- 
sum of four simpler solutions. 
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14. Application to Consecutive Chemical Processes. 

As another illustration of the utility of the coefficients An etc., 
it may be noted that an important class of chemical processes, namely, 
the type known as "consecutive," leads to a pair of differential equa- 
tions of the form 

— - = Pi(x h x 2 ), — = Pt(Xi, Xz) 

at at 

where Pi and Pi are quadratic polynomials, (not in general homogene- 
ous), in the dependent variables x\, xz, but are not functions of t. 

These equations cannot in general be solved by quadratures, but 
by a proper choice of the conditions of the process they may often be 
made integrable in this way, and the labor of solving by series avoided. 
We have merely to render the polynomials Pi and Pi homogeneous 
by introducing a third variable £3 and write down the nine ^4's for the 
quadratic vector 

/MV+jWi 

which will always have at least one set of coplanar axes since it is a 
binomial. If then we can so choose our conditions that, according to 
the tests of Art. 9, there are three other sets of coplanar axes, the 
equations can be solved by quadratures. 



